or by (22) The Equilibrium of Stellar Envelopes i. In this paper we shall attempt to develop systematically the equilibrium of stellar envelopes. By a stellar envelope we shall mean the outer parts of a star which, though containing only a small fraction (for definiteness we shall assume this fraction to be 10 per cent.) of the total mass M of the star, nevertheless occupy a good fraction of the radius R of the star.
A study of the equilibrium of stellar envelopes has clearly a twofold importance for astrophysical theories. Firstly, it extends the region of the study of stellar atmospheres into the "far interior" ; and secondly, it has also a very definite bearing on the studies of the "deep interiors." Thus the actual extent of the envelope [defined by the fraction of the radius R which encloses 90 per cent, of the mass M of the star) must give some indication of the amount of the concentration of the mass towards the centre of the star under consideration. Thus if I* is very small (say o-i) then the star must be highly "centrally condensed,'' while if is about 0-5 then there cannot be an excessive concentration of the mass towards the centre-in the latter case (£ # =o-5) the density distribution is probably close to that of an Emden polytrope of index ft < 3. Dr. S. Chandrasekhar, The Equilibrium of Stellar 96, 7
2. The equilibrium of stellar envelopes has been considered earlier by Eddington,* but the point of view in our present paper will be quite different. Eddington assumed that =0*2, and showed the enhanced opacity discrepancy which would have to be faced by theories of the stellar interior which postulate a high degree of central condensation. On the other hand, one of the chief objects of the present paper will be to calculate on the basis of the physical theory of stellar opacity (Strömgren f) the actual extents of the envelopes for some typical stars, and to draw from them some general conclusions concerning the dependence of the structure of a star on its position in the Hertzsprung-Russell diagram. Further, we shall see that the formal mathematical theory can be placed on a very much more satisfactory basis than has been attempted so far. Incidentally we are able to get some support to a point of view advocated by Milne J in a rather different connection.
3. In the succeeding paragraphs the formal mathematical theory is developed. The evaluation of the extents of the stellar envelopes for a few typical stars is contained in § § 12, 16. The rest of the paper is devoted to a general discussion of the results obtained.
4. The Equations of the Problem.-In writing down the equations of equilibrium for the stellar envelope we shall introduce two simplifications : {a) that there are no sources of energy in the stellar envelope, and {b) that the mass contained in the envelope can be neglected in comparison with the mass of the star as a whole. With these simplifications the equations of equilibrium are
where p and p r denote respectively the gas and the radiation pressures, and K is the coefficient of stellar opacity, the rest of the symbols having their usual meanings. The formula for stellar opacity appropriate for our present discussion is that due to Strömgren (loe. cit.). According to him we have
where X represents the proportion (by weight) of hydrogen in a gram of the stellar material. (There is in addition a "guillotine factor" r, but we shall neglect its existence for the present-the effects which arise from a consideration of this factor is postponed to a future communication.) We shall write (3) as * A. S. Eddington, M.N., 91, 109, 1930 . f B. Strömgren, Z. f. Astrophysik, 7, 224, 1933 , a l so ibid., 4, 118, 1932 . Also Handbuch der Astrophysik, 8, 124, 1936 . i E. A. Milne, M.N., 90, 17, 1929 .
Dividing (1) by (2) and using (4) we have dp 47tcGM T 3 -5 -1. ¿Pr KqL
The equations of equilibrium then are
where k denotes the Boltzmann constant, ¡jl the mean molecular weight, H the mass of the proton and a the Stefan-Boltzmann constant.
The above equations are reduced by the substitutions r=R£; T = T 0 r; p=po<r; M(r)=DMifj (9) (where R and M denote the radius and the mass of the star respectively) to the form 
(ïQ)
where q is used to denote the "(i- 
From (15) we verify that A as defined above is precisely the ratio of the gas pressure to the radiation pressure, i.e. ß : (i -ß) in the usual notation. In terms of A equation (10) 
Introducing the new variable # defined by we have the following differential equation for A :
Instead of (28) consider the more general equation
where e is small positive constant. To solve (29) 
6. (37) and (38) determine r and cr in terms of A. We now proceed to determine the variation of A with
From (10) and (11) From (41) and (42) we deducé that
Integrating the above equation and using the boundary condition that À = o at £ = i we have
The above equation combined with (37) and (38) 
8. The Equations to Determine the Extent of the Envelope.-As stated in § i we shall define the extent of the stellar envelope by the fraction which encloses 90 per cent, of the total mass of the star. By (9) 
Introducing the variable | in (58) The function/(o ; £) is tabulated in Table I . 
10. If a cannot be neglected in comparison with unity recourse must be made to numerical methods. It is convenient to tabulate /(a ; x) for certain specified values of a. The numerical integration has been effected for the three cases a =0-05, 0-15 and 0-25, and the results are tabulated in Table II. 11. Choice of the Molecular Weight ¡i.-Before we can proceed to make use of the equations (54), (55) and (56) to determine the actual extents of the stellar envelopes for some typical stars, it is first necessary to decide upon the suitable values for ¡ju and X appropriate to each individual star. This is important, inasmuch as in the principal equation determining the extent of the envelope (namely (55)) the molecular weight ¡1 occurs with a high power. In our calculations we shall use the values of [jl (and X) which have been computed by Strömgren. Now the use of Strömgren's ¡xs and X's may at first be regarded as a drawback in this connection. For, one of the main objects of computing the extents for individual stars is to get some direct information on the complete march of the density distribution in the star as a whole, and Strömgren's ¡jls and X's were computed on the basis of a particular theory of the stellar interior and an assumed model for the density distribution. Nevertheless the use of Strömgren's /x's and X's for a general guidance can be justified on the ground that on the basis of his derived values for /x Strömgren is able to obtain a reasonable quasiempirical interpretation of the Hertzsprung-Russell diagram.
It might be recalled in this connection that his interpretation was based on the discovery that in conformity with the Russell-Vogt theorem the stars can in fact be arranged in a two parametric family, the two parameters being M and (the derived) /x. If /x varies from star to star-we shall obtain some further evidence for this in this paper {cf. § 18)-then it is reasonable to expect that there are systematic variations of ¡jl in the plane of the Hertzsprung-Russell diagram. Of course there is no a priori reason why the variations should be of the type discovered by Strömgren, but strong empirical evidence favouring Strömgren's picture has recently been obtained by Dr. Kuiper who first noticed the very remarkable similarity of the actual Hertzsprung-Russell diagrams for clusters and the Strömgren curves of constant ¡jl in the Hertzsprung-Russell plane.
Finally the extents computed on the basis of Strömgren's /x's and X's can in one sense be regarded as indicating the maximum central condensations inasmuch as if ^(/Xi) and £ # (/x 2 ) are the calculated extents for the envelope of the same star but for two different values of /x, namely /xj and /x 2 , then £*0*1) > £*(>2) if > f¿2-(62)* For the above reasons we shall use Strömgren's /x's and X's for the numerical evaluation of the extents for some typical stars, to which we proceed now. 12. The Extents of the Stellar Envelopes for some Typical Stars.-The procedure to calculate the extent of the envelope of a given star of known mass, radius and luminosity (and an assumed molecular weight /x) from the equations (54), (55) and (56) is of course obvious. We have first to calculate a according to (54) and (55) then determines the value of x* such that /(a ; #*) has the value given by the right-hand side of (55). Finally (56) determines the corresponding value £*. In practice it is, however, more convenient to plot/(a ; x) against £ and to read off the value of £ for which / takes the required value. For most of the stars for which the extents were calculated a was near 0*05, and graphical interpolation both across * It might be pointed out in this connection that as we have neglected the "guillotine factor" (see § 4) the £* calculated, even so, are slightly underestimates. Dr. S. Chandrasekhar, The Equilibrium of Stellar 96, 7
and down the figures of Tables I and II sufficed to determine  fairly  accurately. The observational data concerning the masses, radii and luminosities have been collected together by Strömgren * in his Table IV. His derived /x's and X's are given in his Table V. The information provided by these tables is sufficient to calculate the corresponding extents for the envelopes of the respective stars. The results of the calculations are summarised in Table III below. The values of ¡1 and X are taken from Strömgren. The last column gives the extents.
13. Dependence of the Structure of a Star with its Position in the Hertzsprung-Russell Diagram.-The most striking feature of the extents given in the last column of Table III is the surprising constancy of for the main series stars up to spectral type ~B8. For these stars is about 0*43. This constancy is all the more striking as we have allowed for the variation of ¡A according to Strömgren.
The only giants in the list are Capella A and B, and if one can judge from these, then it would appear that the giants on the whole have much less central condensation than the main series stars. One could have anticipated this result from Strömgren's interpretation of the Hertzsprung-Russell diagram. On his ideas, if we consider a giant (or a super-giant) and also a main series star of about the same absolute bolometric magnitude, then the giant should be relatively poorer in hydrogen (as compared with the main series star), and this would (according to our equations for the envelope) predict a greater value I* for the giant than for the main series star, i.e. the giants should be expected to be more "homogeneous" than the main series stars.
Another result indicated by the table is that the massive B stars (on the main series) have much less central condensation than the less massive stars further down the series. The only reliable examples we have are the V Pup and Y Cyg systems.f Actually the extents are =0-55 and =0-51 respectively, and it has to be especially noticed that these values are obtained for fi =o*6-a higher value for ¡jl would give much larger values for £ # . It should further be pointed out in this connection that for an increase of I* from 0-43 to 0*51 the corresponding value of/should have to be smaller by about a factor 3. 14. The general conclusions then are (a) The main series stars up to spectral type ~B8 are characterised by a more or less constant ^*^0-43. (b) Higher up the main series there is a definite tendency for to increase, i.e. in this region the stars tend to become more "homogeneous." (¿:) The giants are characterised by greater values for than the corresponding stars on the main series with the same luminosities. * Z.f. Astrophysik, 7, 222, 1933 (referred to as loc. cit.) . t The two components of the V Pup and Y Cyg systems seem to be "identical," and consequently in our calculations the data were combined to give a "mean" V Pup \(hr +/) and a mean Y Cyg %(br +/). •0195
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• 15. An immediate consequence of the conclusions stated in § 14 is that the Cepheids and the Cluster type variables which occur in the "supergiant" region of the Hertzsprung-Russell diagram must be much less condensed towards the centre than the typical main series stars. The necessity for the Cepheids to be more homogeneous than "ordinary stars" has often been emphasised by Eddington.
16 masses and radii is probably due only to the uncertainty in the temperature scale, but as Dr. Kuiper has pointed out to the writer this uncertainty cannot, however, affect Trumpler's values for the masses of his stars by a factor less than 0-75. With the revised data provided by Dr. Kuiper the extents were calculated for the Trumpler stars assuming /¿=o*6 and X = o-8. The results are given in Table IV .
In considering the values of given in Table IV it has to be remembered that they are the minimum values, since /x was taken to be equal to o-6. If the observational data are at all reliable f the conclusion must be that the Trumpler stars are very much more homogeneous than any of the other known stars. § The results in Table III already indicate a tendency for to increase higher up the main series, and our present calculations confirm that view.
17. The Problem of the Massive Stars.-The conclusion reached about the structure of the massive stars in § §13, 14, 16 have a bearing on the general problem of the massive stars. It was shown by the author,]; and * R. J. Trumpler, Pub. Astro. Soc. Pac., 47, 254, 1935. f It would be sufficient if they are even only qualitatively reliable. J Zeits.f. Astrophysik, 5, 321, 1932. § Cf. A. Beer and S. Chandrasekhar, Observatory, 59> 1936. elaborated to considerable length since,* that the generally accepted formula for relativistic degeneracy f leads unambiguously to the result that the massive stars cannot become white dwarfs. This arises because there is firstly an upper limit M z to the mass of a completely degenerate configuration, and secondly for a star of mass greater than where jS w is such that m =M 3 ß ui -3/2 , 9 6° * -
1 (64) degeneracy is not possible. This result contradicted the then current view that any star of any assigned mass "must" eventually become a white dwarf. The writer then proposed the view that if a massive star has to become a static white dwarf then the only way for it would be to get rid of its excess mass. It was further thought possible that the observed Wolf-Rayet phenomenon of the radial ejection of matter may have a bearing on this problem. This question has recently been discussed from a different point of view by ten Bruggencate. § A further possibility is now offered by our present conclusions concerning the structure of the massive stars and also the circumstance to which we have drawn attention to, namely, that the giants are characterised by larger values for I* than the corresponding main series stars. Now Strömgren has already pointed out that the track of evolution of a star in the Hertzsprung-Russell diagram will be along a curve of constant mass in the direction of increasing radius and diminishing hydrogen content. The very massive stars could therefore be expected to travel right across the HertzsprungRussell diagram and end up as a nebulous mass. This suggestion was first * M. N., 95, 207, 226, 676, 1935 . For a concise summary on these matters see B. Strömgren, Handbuch der Astrophysik, 8, 156-168, 1936. f Eddington has published a note (M.N., 96, 20, 1935) criticising the proof of the relativistic degeneracy formula which Dr. M0ller and the writer have published (M.N., 95, 673, 1935) . We are, however, unable to accept Eddington's criticisms. In particular, his appeal to the uncertainty principle seems to us fallacious. Actually the discrete eigen values for p were obtained using a periodicity condition (bottom of page 674) and consequently there can be no contradiction with the uncertainty principle. We clearly do not know which of the electrons are in which of the "compartments." Eddington's second criticism (top of page 21) arises from his having overlooked the fact that we normalised the wave function per unit volume. The appearance of the volume factor V in our equation (12) makes this explicit. The writer shares the view of most theoretical physicists that the generally accepted formula for relativistic degeneracy is the one which is consistent with the general scheme of quantum mechanics.
X That as defined in (63) and (64) represents the maximum mass of a star which could consistently be regarded as wholly " degenerate " is easily proved. Consider a completely degenerate configuration of mass slightly less than M z . The density is everywhere so great that we could increase the radiation pressure from zero to a value only slightly less than (1 -ß^) at each point of the configuration and still regard the matter as degenerate. The mass of the new equilibrium configuration so obtained is approximately Mß w -3/2 . When M->M 3 , the result becomes exact. § P. ten Bruggencate, Z.f. Astrophysik, II, 201, 1936 . 45 66o The Equilibrium of Stellar Envelopes 96, 7 made to the writer by Dr. Kuiper. Our present calculations on lend support to Dr. Kuiper's suggestion inasmuch as, firstly, the massive stars are characterised by substantially larger values for and secondly, if the stars evolve in the direction of increasing ¡jl and increasing radius they would be expected to become still more i£ homogeneous." Kuiper's suggestion, therefore, that massive stars might eventually end up as nebulous masses (in contrast to stars of mass less than M 3 which become white dwarfs) seems to the writer as the most probable of the suggestions that has so far been made concerning the evolution of the massive stars. 18. Concluding Remarks.-We have seen how from the observed masses, luminosities and radii of stars, it is possible to infer something about the internal density distributions in the stars. The extent which in a sense is a measure of the amount of the concentration of the mass towards the centre, is a function of the mass, radius, luminosity and the mean molecular weight [jl. Conversely if we had assumed that and [jl are the same for all stars then we should have obtained a relation between M, L and R. Before the systematic variation of /x in the plane of the Hertzsprung-Russell diagram was discovered by Strömgren, one had always assumed that ¡jl is about the same for all stars. Consequently with an assumed constant value for [i the hypothesis that "all stars are built alike"
is the same for all stars) would be sufficient to derive a relation between L, M and R. It is not necessary to solve the problem of the equilibrium of a star as a whole to derive a relation between mass radius and luminosity. It is precisely this last point which was emphasised by Milne in his 1929 paper.* Of course our present background mathematical analysis is quite different from Milne's, but it is satisfactory to get a confirmation of his fundamental point, namely, that a specific combination of the observed L, M and R should give us some information concerning the internal density distribution in the star without any special theory for the deep interior.
From our present point of view where [jl is assumed to vary from star to star we could have calculated ¡jl for individual stars assuming that was to be the same for all stars. We have not, however, preferred to do this for the reasons stated in § 11. It is therefore highly satisfactory that does show a surprising constancy for the main series stars up to spectral type ~B8. But we have also shown that ^ is not the same for all stars, since even with /x=o-6 the massive stars have substantially larger values for I*.
Summary.-In this paper the equilibrium of stellar envelopes is considered and methods developed to compute the fraction of the radius of a star which encloses 90 per cent, of its mass. The main results of such calculations are summarised in Tables III and IV . The general conclusions which follow are stated in § 14. § 17 contains a discussion of the general problem of the massive stars raised by the author's earlier studies on the stellar configurations with degenerate cores.
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